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The goals of this paper are to provide: (I ) sufficient conditions, based on the 
solvability of certain diophantine equations, for the non-triviality of the dass num- 
bers of certain real quadratic fields; (2) sufficient conditions for the divisibility of 
the class numbers of certain imaginary quadratic fields by a given integer; and (3) 
necessary and sufficient conditions for an algebraic integer (which is not a unit) to 
be the norm of an algebra& inreger in a given extension of number fields. G 1986 
Acadexmc Press, Inc. 
INTRODUCTION 
In this paper we examine the class numbers of certain quadratic fields. In 
Section 1 we consider the real quadratic field case and provide sufficient 
conditions for non-trivial class numbers. This extends work of Ankeny, 
Chowla, and Hasse [l]; Lang [S]; Takeuchi [12]; Yamaguchi [13], and 
the author [9, lo]. 
In Section 2 we obtain necessary and sufficient conditions for an 
algebraic integer (which is not a unit) to be the norm of an algebraic 
integer in a given extension of number fields. This result is linked to the 
divisibility of the class number of certain imaginary quadratic fields by 
given integers. Among others, this extends the work of Cowles [3] as well 
as Gross and Rohrlich [6]. Finally we provide, throughout the paper, 
tables of values as examples of the above results. 
* This research was supported by NSERC Canada. 
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I. REAL QUADRATIC FIELDS 
Throughout this section we set K= Q(n’,‘), where n is a square-free 
positive integer, and we denote the fundamental unit of K by T+ U(U)’ ‘, 
and the class number of K by h(n). 
Ankeny, Chowla, and Hasse [l] proved that if p = (2qm)’ + 1 is prime 
with q prime and m an integer greater than 1 then h(p) > 1. Subsequently, 
Lang [ 81 obtained that h(p) > 1 for a prime p = (( 2m + 1) q)’ + 4, where q 
is an odd prime and m is a positive integer. Notice that the above p are 
congruent to 1 modulo 4. More recently Takeuchi L-123 obtained that if 
12m+7 and p=(3(8m+5))2-2 are primes where mb0, then h(p)>l. 
Note here that p = 3 (mod 4). The proofs by both Lang and Takeuchi are 
very strongly modelled after that of Ankeny, Chowla, and Hasse. By con- 
trast, in what follows we generalize all of the above and provide elementary 
proofs based only on fundamental facts concerning diophantine equations 
and basic properties of quadratic fields. 
First we require a preliminary result which generalizes [l, Lemma, 
p. 2181 and [S, Lemma, p. 701. 
LEMMA 1.1. Let n = m2 + r be square free, where m and r are positive 
integers such that r I4m, and r E (0, m]. Also suppose t is a positive integer 
which is not a square. If the equation a2 - nb2 = it has integer solutions then 
(i) r= 1 and t>2m, or 
(ii) r = 4, t E 0 (mod 4) and (t/4) b m, or 
(iii) r#l, 4 and t>r. 
Proof: The r = 1 case is [l, lemma, p. 2181 and the r =4 case is [S, 
lemma, p. 703. Thus we assume henceforth that r # 1, 4. Therefore by [4] 
we have T+ U(n) ‘I2 = (2m* + r + 2m(n)‘12)/r. Thus, if ) t = u2 - nv2, where 
~30 and v>O is chosen smallest, then N(u-v(n)‘/*) = Ifrt and 
N( (2m2 + r)/r + (2m/r) n ‘I*) = 1. Therefore, N(((u(2m2 + r)/r) - (2mvnlr)) -I 
((2mu - v(2m2 + r))/r) n1’2) = +t. 
By the choice of v, 1(2mu - v(2m2 + r))/rl > v, i.e., either u > v(m2 + r)/m 
or O< u < urn. Substituting into the equation we have either + t b 
(v*(m’+ r)2/m2) - v*n, which forces t 2 r, or f t < v*m* - nv2 = -rv2, which 
forces t Z r. Q.E.D. 
Now we are in a position to prove the main result of this section. 
THEOREM 1.1. Let n be a positive square free integer of the form 
n = m2 + r, where m and r are integers such that r divides 4m. Thus h(n) > 1. 
whenever 
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(a) n s 1 (mod 4), 1 ,< r Q m, and there exists a prime divisor p of m 
such that either p > 2 and (r/p) = 1, or p = 2 and n E 1 (mod 8), where ( / ) 
denotes the Legendre symbol. moreover, 
(i) ifr= 1 then m >2p, 
(ii) if r=4 then m>p, 
(iii) if r # 1, 4 then r > 4p. 
(b) ?I j, 1 (mod4), -2<r<m, r#2 andm>2. Also tf r= -2 then 
m>3 andmz0 (mod3). 
Proof: Assume h(n) = 1. 
(a) nr 1 (mod4). If m is not divisible by an odd prime then by 
hypothesis n = 1 (mod 8) and so p = 2 splits in Q(n’/*). If m is divisible by 
an odd prime p, then p splits in Q(n’j2), since (n/p) = (r/p) = 1. Thus, in 
either case there are integers a and b with f4p=a’-nb*, since h(n)= 1. 
However hypothesis (a)(i)-(iii) contradict Lemma 1.1 (i)-(iii), respectively. 
(b) n f 1 (mod 4). If r = -1 then tz cannot take on any of the forms 
q, 2p, or q, q2, where p E 3 (mod 4) is prime, q is prime, and q, = q2 E 3 
(mod 4) are primes. In this case it is well known that h(n) > 1 (in fact, 
21 h(n)). 
If r = -2 then 3 divides m by hypothesis. Since (n/3) = (-2/3) = 1, then 
3 splits in Q(n”‘). Therefore -t 3 = a2 - nb2 for some integers a and b since 
h(n) = 1. If a* - nb2 = 3 then by the reciprocity law for the Jacobi Symbol 
(/) we have -1=(__l)((n-1)/2)f(3-1)/2)= (n/3)(3/~) = (--2/3)(3/n) = 
(3/n) = (at/n) = I, a contradiction. Thus a2 -nb2 = -3. 
By [4], T+ U(n)“2=((2m2+r)/lr/)+(2m/lrl)ni’2 and by [ll, 
Theorem 108a, p. 2061, 0 < b < U(3/2( T- 1 ))‘j2 7 (3(n + 2)/2n)“2. Hence 
b= 1; i.e., YI - 3 = a2 which implies that &-a* = 5 thereby forcing 
m= t-3, a contradiction. 
Now we assume r = 1 or r > 2. Since 2 ramifies in Q(Kz”~) then there are 
integers a and b with +_2 = a2 - nb” since h(n) = 1. Thus by Lemma 1.1 we 
have a contradiction. QED. 
The first consequence of Theorem 1.1 is a generalization of [I, 
Theorem 1, p. 2171 and is in fact [13, Lemmas 3 and 4, p. 2191. Note that 
[13, Theorem 1, p. 2171 is false in the generality stated. See [14, 
Theorem 4, p. 1581 for a correct version. 
COROLLARY 1.1. If n = (2qs)2 + 1 is square free where q is prime and 
s > 1 is an integer then h(n) > 1. 
The following is a generalization of [8, Theorem 1, p. 703. 
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COROLLARY 1.2. [f‘ n = (sy )’ + 4 is square fiw n#wre y is un odd prim 
and s 2 3 is an odd integer then h(n) > I. 
The following is the n SE 3 (mod 4) analog of Corollary 1.1, and 
generalizes [ 13, Lemmas 2 and 5, p. 2191. 
COROLLARY 1.3. Zfn = (2s)’ - 1 is syuareJke wAere s > 1 then h(n) > 1. 
The following generalizes [ 12, Theorems l-41. 
TABLE I 
n m P r h(n) 
65 
85 
145 
229 
257 
401 
445 
511 
133 
785 
1093 
1291 
1601 
1937 
2029 
2305 
2605 
2705 
3137 
3601 
3973 
4097 
5185 
5629 
6401 
6565 
1057 
1573 
1145 
8465 
8653 
9217 
9805 
8 2 
9 3 
12 2 
15 3 
16 2 
20 2 
21 3 
24 2 
27 3 
28 2 
33 3 
36 2 
40 2 
44 2 
45 3 
48 2 
51 3 
52 2 
56 2 
60 2 
63 3 
64 2 
69 3 
12 2 
75 3 
80 2 
81 3 
84 2 
87 3 
88 2 
92 2 
93 3 
96 2 
99 3 
4 
1 
4 
1 
1 
1 
4 
1 
4 
1 
2 
2 
4 
3 
3 
5 
4 
I 
3 
6 
5 
11 
7 
6 
I 
16 
8 
8 
9 
20 
6 
10 
6 
20 
12 
12 
8 
21 
9 
12 
14 
8 
18 
12 
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COROLLARY 1.4. Zf n = 9s2 - 2 is an odd square free integer such that 
s> 1 then h(n) > 1. 
The following consequence of Theorem 1.1 is interesting in its own right. 
COROLLARY 1.5. Zf n = t2 + 21 is square free where I > 1 is an odd integer 
dividing t and t is even, then h(n)> 1. 
Table I provides examples of Theorem 1.1(a), i.e., examples of the n = 1 
(mod 4) case for some n between 1 and 10,000. Note that n = 65 is the first 
occurrence of h(n) > 1 for n = 1 (mod 4); and the first n = 1 (mod 4) missed 
by this method is n = 165 (where h(n) = 2). Table II provides examples of 
Theorem 1.1(b), i.e., examples of the n = 2,3 (mod 4) case for some n 
between 1 and 10,000. Note that n = 10 is the first occurrence of h(n) > 1 
for n = 2 (mod 4), and n = 15 is the first instance of h(n) > 1 for n = 3 
(mod 4). ’ 
2. NORMS OF INTEGERS AND 
CLASS NUMBERS OF QUADRATIC FIELDS 
Let L 2 K be an extension of number lields. The first result of this section 
is a determination of precisely when a (non-unit) algebraic integer of 0, is 
the norm of an algebraic integer from OL, where 0, denotes the ring of 
integers of a given field F. In [S], Garbanati purports that Borevich and 
Shafarevich [2] have such a result. However, what Borevich and 
Shafarevich in fact perform is the task of giving a finite algorithm for 
finding all algebraic integers with a specified norm, given that such integers 
exist. What we provide herein are necessary and sufficient conditions for 
the existence of an algebraic integer whose norm is a given algebraic 
integer. Although it is possible, and usually straightforward through the use 
of the norm residue symbol, to determine when an element a of 0, is a 
norm from L, it is often quite difficult to determine when CI is the norm of 
some BE OL. For example, a well-known long-standing problem in this 
regard is the following. When K= Q and L = Q(n112), where n is a square- 
free positive integer, it is trivial to determine when - 1 is a norm from L, 
but it is an open question as to when it is the norm of a unit. We do not 
propose to attempt an answer to this question but rather to answer the 
question for integers which are not units, under an appropriate assumption 
for units. The following is a simple example to illustrate this difficulty. Let 
K= Q and L = Q((79)‘/*), wherein 5 is the norm of (19 + 2(79)‘j2)/3, but 5 
is not the norm of an element of 0,=Z[79”2]. The following is an 
‘Note that the class numbers in all tables for Section 1 are taken from “A table of ideal 
class numbers and fundamental units of real quadratic number fields Q(wz”?), (2 <m < 8192),” 
a preprint by H. Wada of Sophia University, Tokyo. Japan. 
TABLE II 
n I m 
10 1 3 2 
15 -1 4 2 
26 1 5 2 
30 5 5 2 
34 -2 6 2 
35 -1 6 2 
39 3 6 2 
42 6 6 2 
79 -2 9 3 
82 1 9 4 
122 1 11 2 
170 1 13 4 
223 -2 15 3 
226 1 15 8 
230 5 15 2 
290 1 17 4 
327 3 18 2 
362 1 19 2 
439 -2 21 5 
442 1 21 8 
530 1 23 4 
579 3 24 4 
626 1 25 4 
727 -2 27 5 
730 1 27 12 
842 1 29 6 
903 3 30 4 
962 I 31 4 
1087 -2 33 7 
1090 1 33 12 
1093 3 33 5 
1226 1 35 10 
1230 5 35 4 
1370 1 37 4 
1767 3 42 4 
2210 1 47 8 
2919 3 54 8 
3722 1 61 10 
4359 3 66 10 
5626 1 75 28 
5630 5 75 10 
6562 I 81 16 
6890 1 83 16 
7567 -2 87 12 
7922 1 89 8 
8647 -2 93 13 
9026 1 95 16 
9219 3 96 12 
9410 1 97 20 
9799 -2 99 18 
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illustration of this problem in the non-Galois case. Let K = Q and 
L = Q(11 li3), then 2 is a norm from L but it is not a norm from 
0, = Z[ 11 ‘13]. 
Cirteria for an algebraic integer in 0, to be the norm of an element of 
0, are intimately linked to the class number of L and the arithmetic of L 
over K, as the following simple solution to the problem indicates. In what 
follows U, (resp. U,) will denote the group of units of 0, (resp. 0,). 
Moreover N will denote the norm from L to K. Also h, (resp. hL) will 
denote the class number of K (resp. L). Furthermore, given that jj is an 0, 
prime above an OK prime p, then we denote the inertial degree of fi in L 
over K by f(@ ] p). Finally, the symbol (a) will denote the principal ideal 
generated by ~1. 
LEMMA 2.1. Let KG L be an extension of number fields such that for 
each,~andamental unit UE Uxr there exists a unit u E UL such that N[u] = II. 
Suppose j3 = w/I; ... @, where the /Ii are prime elements of 0, and w E U,. 
Then there exists an c1 E 0, with N[a] = p if and on1.v if the folloiwng con- 
ditions horde 
(a) For each i = 1, 2,... r there exist positive integers bjCi) and prime 0, 
ideals &j(i) above (Pi) = pi with fjtib = f( ~ji(if 1 ;hi) such that cj(i) bj<~~f,(i~ = ai 
and 
(b) n;= I &) &,$# is principal. 
ProoJ: First we assume that [a] and [b] hold. Let (y ) = 
n;= 1 njti, &$, where y E 0,. Then we have, using the multiplicativity of 
the norm, that NC(y)] = rl[;= i jzyl since ai= Cj(r) bj~i~~~i~. Thus N[r] = 
u l-I;=, /3: for some u E OK. However by hypothesis there exists v E U, such 
that N(v) = u~-%v. Hence N[yv) = p. 
Conversely, let (a) = +t * * * t;? be the factorization of (a) in 0, for dis- 
tinct UL primes ii. Therefore f/S) = NC(a)] = l-I;= 1 N(+k)b” = n;t-=, &“, 
where g, =f(sk / ak). However, the ak may not be distinct so we let Sj (for 
a fixed j) be the set of k E (l,..., sJ such that ak = aj (i.e., such that 
4k n ok= %jh Thus we have that N[(a)] = (/I) = nj .yj”, where 
cj = ckES, bk gk. Hence by unique factorization of ideals in Ok we have 
(after possibly renumbering the pj) that hj = qj and a,j = cj for j= l,..., r. 
This secures the result. Q.E.D. 
We note that we have avoided the problem of dealing with units in 
Lemma 2.1 by making the convenient assumption that all fundamental 
units of 0, are norms from UL. Even the simplest questions, in this con- 
text, involving units are extremely difficult to answer, as the open question 
discussed before Lemma 2.1 indicates. We further highlight the difficulties 
by the following example which shows that Lemma 2.1 fails if the unit 
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hypothesis is dropped. If K= Q and L = Q(79”‘), then N(8 + 79”‘) = - 15 
and 8 + 79”“E 0, = Z[79’j2]. However (b) of Lemma 2.1 fails to hold 
since - 1 is not the norm of a unit from L. Furthermore 15 is not a norm 
in L over K which may be verified using the norm residue symbol. In fact 
there is no way to piece together information to extract the unit because 
-5 is not a norm in L/K, and - 3 is not the norm of an integer in L/K. 
The latter fact may be obtained from the proof of Theorem 1.1 and the for- 
mer fact by use of the norm residue symbol. Since we are mainly concerned 
herein with the quadratic field situation we isolate a special case. 
COROLLARY 2.1. suppose L = Q(n’j2) and K= Q. Ifp is a rational prime 
then p = N(a + b(n)“*) (where a + b(n)“” E 0,) if and only if the 0, primes 
above p are principal, and p is not inert in L. 
Note that in the discussion preceeding Lemma 2.1, where n = 79 and 
p = 5, the 0, primes above 5 are not principal which is the reason for 5 not 
being a norm (see also [9, Theorem 2-41). 
To illustrate that the conditions of Lemma 2.1 are the “best possible” in 
the sense of being minimal we turn to the non-Galois case where K= Q 
and L=Q(go) with (p3= 11. Now (cp- l)= pq, where p is an 0, prime 
above 2 with inertial degree 1 and q is an 0, prime above 5 with inertial 
degree 1 (see Janusz [7, pp. 62-631). Note here that neither p nor q is prin- 
cipal. In fact the class group of 0, = Z[p] is generated by the classes of p 
and q, yet N(~D - 1) = 10. Notice furthermore that the other primes above 2 
and 5 cannot be chosen since they each have inertial degree 2. This com- 
pletes the example. 
Lemma 2.1 has relevance to certain class number questions pertaining to 
quadratic fields (see also [lo, Theorem 2.6-j). Note for example that in Sec- 
tion 1 the proofs of the main results amount to achieving a counterexample 
to some rational integer being a norm. This secured for us that h(n) > 1. In 
fact what we effectively were applying was the following result. The 
notation and hypothesis of Lemma 2.1 are in force. 
COROLLARY 2.2. Suppose CIE OR, R+$ UK. 1f [a] of Lemma 2.1 holds 
but c1 is not the norm of any element of 0, then h, > 1. 
Now we further explore the relationship between Lemma 2.1 and certain 
class number questions for quadratic fields. In fact we now turn our atten- 
tion to an investigation of sufficient conditions for the divisibility of class 
numbers of imaginary quadratic fields by a given integer. As in Section 1 
we denote #n”2) by K and we set h(n) = h,. Let x + y(n)“” E 0, be called 
primitive if g.c.d. (2Ox, 2”~) = 1, where (T = 1 if n = 1 (mod 4) and u = 0 
otherwise. 
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The next result is a generalization of Cowles [3, Theorem]. (Note that 
Cowles’ proof contains misp~nts.) 
THEOREM 2.1. Let r, m, and t be positive integers with m > 1 and t > 1 
and let n = r2 - 4m’ be square free and negative. If mc is not rhe norm of a 
primitive element of 0, whenever c properly divides t, then t/h(n). 
Proof: Let m = pf... p: for distinct primes pi and positive integers 
a,. We claim that piOK= #zipi such that fij# aj for each i. If pi= 2 
then n G 1 (mod 8) and if pi > 2 then (n/p,) = 1, and the claim follows. 
Now let g = g.c.d. (t, h(n)) and assume g < t. Then mg is not the norm of a 
primitive element in 0,. Note that 
Now we claim for each i= 1,2,..., s, that & cannot divide both 
((r+n”*)/2) and ((r-n”‘)/2). If it did then r=(r+n”2)/2+(r-n”2)/2 
and n= [(r+n”‘)/2-(r-n”2)/2]2 a re in pi. However g.c.d. (r, n) = 1 
since PI is square-free and f > 1. This forces 1 to be in #z; and secures the 
claim. Thus, for an appropriate choice of tii = fii or ai we must have that 
((r + n”‘)/2) = (4;’ * ‘. a?)’ = &‘$‘, say, i.e., d’ in principal. Since g.c.d. 
(t, h(n)) = g then there are integers u and v such that TV + h(n) v = g. Hence 
&“=Jg rui”h(n)u = (&l)” (&h(fdV ) is principal. Since n < 0 then dfi yields a 
primitive element of which mg must be a norm. This contradiction 
establishes the result. Q.E.D. 
COROLLARY 2.3. (Cowles [3]). Let n= r2 -4q’, where n is negative, 
square-free, and I and q are odd primes. If one of rhe prime ideals over q is 
not principal in OK then i divides h(n). 
The following consequence of Theorem 2.1 is more useful in practice 
than Theorem 2.1 itself. 
COROLLARY 2.4. Let n be a square-free integer of the form n = r2 - 4m’ 
with r, m, and f positive integers such that m > 1 and t > 1. If 
r2<4m’-‘(m- 1) then tlh(n). 
Proof. Suppose that mC is the norm of a primitive integer for some c 
properly dividing f; i.e., 4m’ = a2 - nb2 for some a, b f Z with g.c.d. 
(a, b)= 1 or 2. Therefore, we have 4m’> -nb*; i.e., 4m’ >4m’b2 - r2b2 
from which we get that r2b2 -t 4m’> 4m’b’. Since g.c.d. (a, b) = 1 or 2 and 
m> 1 then b#O. Therefore r*/4m’+‘+ l/m’-‘-‘b’>m. But m= (m- l)+ 
1 2 r’,&&-’ + l/mr-c-1b2 sincet>cf1andr2<4m’-‘(m-l).Thiscon- 
tradiction establishes the rlsult. Q.E.D. 
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Corollary 2.4 is a generalization of the following, and our above proof is 
elementary compared to that in [6]. 
COROLLARY 2.5. (Gross and Rohrlick [6]). Let n = 1 - 4m’ hr u 
square-free negative integer, where m > 1 and t is a prime, then t 1 h(n). 
Now, as an application of Corollary 2.4 we present the following exam- 
ples (Table 3). The symbol (P) beside -n indicates that --n is prime. It is 
worth noting that the condition of Corollary 2.4 is “sharp.” For example, if 
r= 11, m=6, and t =2 then n=23 and h(n)= 3. Notice that r2= 121 > 
4m’-‘(m - 1) = 120. 
The following is a result which, although similar to the above results, 
produces different output. 
THEOREM 2.2. Let n be a square-free negative integer of the form 
n = r2 - a’, where r > 0, t > 1, and a > 1 are integers. If a is odd and ab is not 
the norm of a primitive element of Ok for any proper divisor b of t, then t 
divides h(n). 
Proof. The proofs of Theorems 2.1 and 2.2 differ only by the following 
fact. To show that a given 0, ideal hi (above a prime divisor of a) cannot 
divide both r - n iI2 and r + n112 we proceed as follows. If pi divides both of 
them then g.c.d. (2r, 4n) = 2 E fi,. This forces 2 to divide a, a contradiction. 
Q.E.D. 
The following result is stated as an analog of Corollary 2.4. 
COROLLARY 2.6. Let n be a square-free integer of the form n = r’ -a’, 
where r > 0, a > 1, and t > 1 are integers. Suppose that the following con- 
ditions hold: 
(1) If a=3 then t#3, and tf4. 
(2) a is odd. 
(3) ?<a’-‘(a- 1). 
Then t divides h(n). 
Proof: Suppose that for some b properly dividing t we have that ah is 
the norm of a primitive integer. Then without loss of generality we may 
assume that 4ab = c2 - n& for some c, d E Z with g.c.d. (c, d) < 2. Now we 
proceed exactly as in the proof of Corollary 2.4 to obtain that 
W2a’- b- l + r2/a’-’ > a. However by condition (3) we have r2/a’- ’ < 
a - 1. Therefore to achieve a contradiction it remains to show that 
4 < d2a’-bp i. Suppose, on the contrary, that we have 4 > d’a’-‘- I. Hence 
d= 1, t-b- 1 = 1, and a=2 or 3 is forced. However t-b- 1 = 1 forces 
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TABLE III 
r m t -?I h(n) 
1 2 2 15 2 
29 6 3 23(p) 3 
1 2 3 31(P) 3 
1 3 2 35 2 
9 2 5 47(P) 5 
I 2 5 79(P) 5 
13 8 2 87 6 
3 5 2 91 2 
7 6 2 95 8 
5 2 5 103(P) 5 
I 3 3 107(P) 3 
5 6 2 119 10 
1 2 5 127(P) 5 
1 6 2 143 10 
3 7 2 187 2 
1 7 2 195 4 
43 8 3 199(P) 9 
25 6 3 239(P) 15 
3 8 2 241 6 
4-l 5 4 291 4 
1 3 4 323 4 
23 6 3 335 18 
41 8 3 367(P) 9 
11 2 7 391 14 
9 2 I 431(P) 21 
I 2 7 463(P) 7 
175 6 5 479(P) 25 
1 11 2 483 4 
5 2 I 487(P) I 
3 5 3 491(P) 9 
1 5 3 499(P) 3 
511 2 16 1023 16 
31 2 9 1087(P) 9 
157 3 8 1595 16 
11 2 9 1927 18 
9 2 9 1967 36 
I 2 9 1999(P) 21 
217 2 9 2003(P) 9 
3 2 9 2039(P) 45 
1 2 9 2047 18 
349 2 15 9271 60 
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TABLE IV 
2 3 5 
2 3 15 
2 1 I5 
loo I 7 
20 1 3 
1 2 3 
7 2 3 
19 2 3 
13 2 3 
loo 1 3 
410 1 3 
1259 2 3 
3787 2 3 
2 3 3 
2 21 4 
2 221 16 
3 3371(P) 21 
5 6807 40 
I 1787(P) 7 
7 2186 42 
7 2138 42 
7 1826 56 
I 2018 28 
9 9683 18 
11 9047 88 
13 9242 78 
15 7538 60 
8 6557 48 
either t=3 and b=l, or t=4 and b=2. We cannot have a=2 by con- 
dition (2) and so a = 3 which violates condition (1). Q.E.D. 
Table 4 is an application of Corollary 2.6. Note that in Theorem 2.1 
through Corollary 2.5 we have n = 1 (mod 4). In Table IV d denotes the 
residue modulo 4 of n and as usual (P) beside a specific value denotes that 
value as being prime. 
We conclude the paper with one final result pertaining to imaginary 
quadratic fields. It is well known that there are exactly nine imaginary 
quadratic fields with h( -n)= 1. This occurs for --n= 1, 2, 3, 7, 11, 19, 43, 
67, and 163. Notice that n = -1, -2, and -7 are the only n with 
n $ 5 (mod 8). The following is an elementary proof that h(n) > 1 for 
negative n f: 5 (mod 8), where n # - 1, - 2, and - 7. 
PROPOSITION 2.1. Zf n f 5 (mod 8) is a syuare-jke negative integer with 
nf -1, -2, and -7, then /I(H)> 1. 
Proof: If h(n) = 1 then, since 2 is not inert in K, we have a’-nb” = 2 
for a, bEZ, when n & 1 (mod4); and a’-nb’=8 for a, bEZ when nr 1 
(mod 8). The former can only hold for y1= -1 or -2 and the latter for 
n = -7, a contradiction in either case. Q.E.D. 
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